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ABSTRACT 

Abstract Voronoi diagrams [17, 18] are based on bisecting 
curves enjoying simple combinatorial properties, rather than 
on the geometric notions of sites and circles. They serve as a 
unifying concept. Once the bisector system of any concrete 
type of Voronoi diagram is shown to fulfill the AVD proper- 
ties, structural results and efficient algorithms become avail- 
able without further effort. 

In a concrete order-fc Voronoi diagram, all points are placed 
into the same region that have the same k nearest neigh- 
bors among the given sites. This paper is the first to study 
abstract Voronoi diagrams of arbitrary order k. We prove 
that their complexity is upper bounded by 2k(n—k). So far, 
an 0(k(n — k)) bound has been shown only for point sites 
in the Euclidean and L p plane [21, 22], and, very recently, 
for line segments [26] . The proofs made extensive use of the 
geometry of the sites. 

Our result on AVDs implies that the 0(k(n — k)) upper 
bound holds for a much wider range of cases including dis- 
tance measures like the Karlsruhe metric [20] that are not 
invariant under translations. Also, our proof shows that the 
reasons for this bound are combinatorial properties of cer- 
tain permutation sequences. 

Keywords: Abstract Voronoi diagrams, computational ge- 
ometry, distance problems, higher order Voronoi diagrams, 
Voronoi diagrams. 
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1. INTRODUCTION 

Voronoi diagrams are useful structures, known in many areas 
of science. The underlying idea goes back to Descartes [13] . 
There are sites p, q that exert influence on their surrounding 
space, M . Each point of M is assigned to that site p (resp. to 
those sites pi,- ■ ■ ,Pk) f° r which the influence is strongest. 
Points assigned to the same site(s) form Voronoi regions. 

The nature of the sites, the measure of influence, and space 
M can vary. The order, k, can range from 1 to n— 1 if n sites 
are given. For k — 1 the standard nearest Voronoi diagram 
results, while for k = n — 1 the farthest Voronoi diagram 
is obtained, where all points of M having the same farthest 
site are placed in the same Voronoi region. See the surveys 
and monographs [6, 11, 14, 25, 8, 9]. 

A lot of attention has been given to nearest Voronoi dia- 
grams in the plane. Many concrete cases have the following 
features in common. The locus of all points at identical 
distance to two sites p, q is an unbounded curve J(p,q). It 
bisects the plane into two domains, D(p, q) and D(q,p)\ do- 
main D(p,q) consists of all points closer to p than to q. 
Intersecting all D(p,q), where q ^ p for a fixed p, results 
in the Voronoi region VR(p, S) of p with respect to site set 
S. It equals the set of all points with unique nearest neigh- 
bor p in S. If geodesies exist, Voronoi regions are pathwise 
connected, and the union of their closures covers the plane, 
since each point has at least one nearest neighbor in S. 

In abstract Voronoi diagrams (AVDs, for short) no sites or 
distance measures are given. Instead, one takes unbounded 
curves J(p,q) = J(q,p) as primary objects, together with 
the domains D(p,q) and D(q,p) they separate. Nearest ab- 
stract Voronoi regions are defined by 



VR(p,5):= H D(p,q), 



q€S\{ P ] 

and now one requires that the following properties hold true 
for each subset S' of S: 



(i) Each Voronoi region VR(p, <S") is pathwise connected 

(ii) Each point of the plane belongs to the closure of a 
Voronoi region VR(p, S"). 



x The usage of "nearest" and "farthest" indicates that influ- 
ence is often reciprocal to distance. 



It has been shown that the resulting AVDs are planar graphs 
of complexity O(n). They can be constructed, by random- 
ized incremental construction, in 0(n\ogn) many steps [23, 
19, 18]. Moreover, properties (i) and (ii) need only be checked 
for all subsets S' of size three. Applications can be found 
in [1, 2, 3, 10, 16]. Farthest abstract Voronoi diagrams con- 
sist of regions VR*(p, S) := D 9 gs\{ p } D(q,p). They have 
been shown to be trees of complexity O(n), computable in 
expected 0(n\ogn) many steps [24]. 



In this paper we consider, for the first time, general order-k 
abstract Voronoi regions, defined by 



VR*(P,S) 



n d (p><i)> 



p€P, q€S\P 



for each subset P of S of size k. The order- k abstract 
Voronoi diagram V k (S) is defined to be the complement 
of all order-fc Voronoi regions in the plane, that is, the col- 
lection of all edges that separate order-fc Voronoi regions. 

In addition to properties (i) and (ii) we shall assume that 
none of the nearest Voronoi regions is empty; this will be 
true in many concrete nearest diagrams where each region 
contains its site. Under some mild non-degeneracy assump- 
tions stated in Definition 1 and at the beginning of Section 4 
we will prove the following result. 



Theorem 2 implies a 2k(n — k) bound on the size of order-fc 
Voronoi diagrams of points or disjoint line segments under 
any strictly convex distance function of constant algebraic 
complexity, but also for distance measures like the Karlsruhe 
metric that are not invariant under translation [20]. 

The rest of this paper is organized as follows. In Section 2 
we present some basic facts about AVDs. Then, in Section 3, 
permutation sequences will be studied, in order to establish 
an upper bound to the number of unbounded Voronoi edges 
of order at most k. This will lead, in Section 4, to a tight 
upper bound for the number of faces of order k. 
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An admissible curve system, and its order-1 AVD 



THEOREM 1. The abstract order-k Voronoi diagram V (S) 
has at most 1k(n — k) many faces. 



So far, an 0(k(n — k)) bound was known only for points 
in the L 2 - and L p -plane [21, 22]. Quite recently, it has 
been shown for line segments in the Euclidean plane [26], 
too. Here an order-fc Voronoi region can be split into 0(n) 
disconnected components [7]; see Figure 3. The proofs of 
these results depend on geometric arguments using k-sets, 
fc-nearest neighbor Delaunay triangulations, and point-line 
duality, respectively. 

In contradistinction, our proof is of combinatorial nature. 
An important lemma is the generalization of a result of [5] 
that bounds the number of fc-sets of n points in the plane 
by analyzing the cyclic permutation sequences that result 
when projecting these points onto a rotating line. In such 
a sequence, consecutive permutations differ by a switch of 
adjacent elements, and permutations at distance Q) are in- 
verse to each other. But not every permutation sequence 
with these properties can be realized by a point set [15]. 

We show that the unbounded edges of higher order AVDs 
induce a larger class of cyclic permutation sequences, where 
consecutive permutations differ by switches and any two el- 
ements switch exactly twice. It turns out that each per- 
mutation sequence of this type can be realized by an AVD. 
Our proof is based on a tight upper bound to the number of 
switches among the first k + 1 elements. 



P1-P2 




2 We call a subset of size k of n points a k-set if it can be 
separated by a line passing through two other points. Such 
fc-sets correspond to unbounded order- (fc + 1) Voronoi edges. 



2. PRELIMINARIES 

In this section we present some basic facts on abstract Voronoi 
diagrams of various orders. 

Definition 1. A curve system J := {J(p, q) : p ■£ q e S} 
is called admissible if it fulfills the following axioms. 

(Al) Each curve J(p, q), where p j^ q, is mapped to a closed 
Jordan curve through the north pole by stereographic 
projection to the sphere. 

(A2) For all p,q,r £ S, two p-bisectors J(p,q) and J(p,r) 
have only finitely many intersection points, and these 
intersections are transversal. 

(A3) For each subset S C S and each p £ S" , the Voronoi 
region VR(p, S') is path-connected. 



Pi,P2,Pa 




Pl,P2,P3,P5 



Order 4 
Figure 1: AVD of 5 sites in all orders. 

(A4) For each subset S C S and each p £ S , the Voronoi 
region VR(p,S') is non-empty. 

(A5) For each subset S" C S , we have 

R 2 = (J VR(p,S>). 

PCS' 

The following fact will be very useful in the sequel. Its proof 
can be found in [18], Lemma 5. 



LEMMA 1. For allp,q,r in S, D(p,q)<~]D(q,r) C D(p,r) 
holds. 



Consequently, for each x ^ M a6 s J(Pi l) a global ordering 
of the site set S is given by 

p < x q :<==> x £ D(p,q). 

Informally, one can interpret p < x q as "a; is closer to p than 
to q". We will write p < q if it is clear which i 6 I 2 we are 
referring to. 

As a direct consequence we show that the closures of all 
abstract order-fc Voronoi regions also cover the plane. 



LEMMA 2. Let J — {J(p, q) : p t^ q £ S} be an admissible 
curve system. Then for all k £ {1, n — 1} 



(J VR k (P,S). 



PCS,\P\ = k 



Proof. Let x e 



If x is not contained in any bi- 



secting curve J(p, q) then it belongs to the order-fc region 
VR fe (P, S), where P — {pi, . . . ,pk} are the fc smallest ele- 
ments of S with respect to the ordering < x . Otherwise, x 




Figure 2: Order-2 diagram of points 




Figure 3: Order-2 diagram of line segments 

lies on the boundary of a domain D C M 2 \ U . , €S J(p, q), 
and D fully belongs to an order-/c region. D 



Voronoi regions of an AVD of order fc > 2 need not be con- 
nected. This can already occur for line segment sites; see 
Figure 3. In general, a Voronoi region in V 2 (S) can have 
n — 1 connected components; see Figure 1. 

The proofs of the following Lemmata 3 and 4 are similar to 
the proof of Lemma 2. 



Lemma 3. 




V k {S) = 


\J VR k {P,S)nVR k (P',S) 

p/p'cs 

\p\=\p'\=k 



Lemma 4. If the intersection E ■- VR k (P, S)tlVR k (P' , S) 
is not empty, there are sites p £ P and p £ P such that 
F \ {p} — P' \ {p'}, and E C J(p,p') holds. For each point 
x £ VR (P, S) near E, index p is the k-th with respect to 
< x , while for points x 1 in VR (P' , S) index p appears at 
position k. 



In particular, D{p,p) lies on the same side of J(p,p) as 
VR fe (P,S') does. 



If F, F' are connected components (faces) of VR fe (P, S) and 
VK k (P',S), respectively, the intersection F D F' can be 
empty, or otherwise be of dimension ( Voronoi vertices) 
or 1 (Voronoi edges). 

For the next lemma we assume that all vertices are of de- 
gree 3. As in concrete order-fc Voronoi diagrams [21] there 
are two types of vertices that can be distinguished by the na- 
ture of sets Pi, P2, -P3 C S which define the adjacent order-k 
Voronoi regions. In the first case there exist a set H C S of 
size fe — 1 and three more indices p,q,r £ S satisfying 

Pi=,ffUM, P 2 = H\j{q}, P 3 = H\j{r}; 

a vertex where such regions VR k (Pi, S) meet is called new 
in V k (S), or of nearest type. In the second case, there are a 
subset K C S of size k — 2 and three more sites p,q,r £ S 
such that 

P 1 ^KU{p,q}, P 2 = K\j{p,r}, P 3 = KU{q,r}. 

A vertex adjacent to such regions is called old in V k (S), or 
of furthest type. The proof of the following lemma follows 
quite directly from these definitions. 
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LEMMA 5. Lei v be a new vertex in V (S). Then v is an 
old vertex of V + (S), and v lies in the interior of a face 
of V k+2 (S), i.e., v is no vertex of V k+2 (S). Furthermore, 
every edge of V (S) is included in a face of V + (S). 



Already in [24] it has been shown that farthest abstract 
Voronoi diagrams are trees, under a slightly different def- 
inition of admissible curves. In the following lemma we give 
an alternative short proof of this fact based on our axioms. 



LEMMA 6. The farthest Voronoi diagram V*(S) is a tree. 



Figure 4: Farthest AVDs cannot contain bounded 
regions. 



intersect transversally at w, so that there must be a non- 
empty wedge of VR(p, {p, (ft-i, g;}) at w. 

It remains to show that V*(S) is connected. Suppose there 
is a curve L separating parts of V* (S). Then L C VR* (p, S) 
for a p e S, L n D(p, q) — for all q G S \ {p} and there 
are ij/r6S such that D(p, q) lies on one side of L and 
D(p,r) on the other side. But then VR(p, {p,q,r}) would 
be empty. □ 



PROOF. Suppose some farthest region V*(p, S) has a face 
F that is bounded, and let J(p, gi), . . . , J(p, qt) be bound- 
ing F in this order. Note that the indices q,j need not be 
pairwise different, but consecutive edges belong to different 
bisecting curves. Let Xj be the intersection point between 
J(p,qj) and J(p,qj + i) on the boundary of F and let the 
bisectors J(p, q 3 ) be such oriented that D(p, g 3 ) lies on their 
left side. 

If i = 1, then the bisector J(p, qi) would have to be closed, 
a contradiction. 

Now let i > 1. By induction, if qi is removed, the remain- 
ing bisectors J(p, qi), ■ ■ ■ , J(p, qi-i) do not bound a bounded 
face of VR*(p, {p, gi, . . . g;_i}). Hence there is a part of 
J(p,qi) such that, w.l.o.g., the parts of J(p,qi) before Xi, 
and of J(p, qi-i) after Xi-i, do not intersect such that VR*(p, 
{p,qi, . . . qi-i}) gets bounded. By axiom (A4), the region 
VR(p, {p, qi, qt-i}) is not empty. Thus the part of J(p,qi) 
after Xi must cross the part of J(p,qi-\) before x;_2 at 
some point 2; see Figure 4. Since VR(p, {p, qi, qi-i,qi}) 
is not empty, the part of J(p,qi) before x.i-\ has to inter- 
sect J(p,qi), or the part of J(p,qi) after X\ must intersect 
J(p,qi-i), as shown in Figure 4. But in the former case, 
VR(p, {p, qi, qi}) would be disconnected, in the latter case, 
VR(p, {p, qi-i, qt}), contradicting axiom (A3). Here we are 
using axiom (A2) to ensure that, e. g., J(p, qt) and J(p, gj-i) 



3. BOUNDING THE NUMBER OF 
UNBOUNDED EDGES OF v^ K (s) 

Let T be a circle in M 2 large enough such that no pair of 
bisectors cross on or outside of T (axiom (A2)). 

If we walk around T the ordering of S changes whenever we 
cross a bisector J(p,q). Here indices p and q switch their 
places in the ordering, and because of axiom (A2) there can 
be only one switch at a time. This means that each pair 
of sites switch exactly two times while walking one round 
around T, resulting in n(n — 1) switches altogether. 

LEMMA 7. Suppose that two sites p and q switch in the 
ordering. Then they are adjacent to each other just before 
and after the switch. 

PROOF. Let pi < ... < p n , and assume that we cross 
J(pi,Pj), i < j, which means that pi and pj switch their 
places in the ordering. Suppose j > i+1; then x £ D(pi + i,pj) 
before the switch and x 6 D(pj,pi + \) after the switch, but 
J(pi+i,Pj) has not been crossed — a contradiction. □ 

Every time a switch among the first k + 1 elements of the 



ordering occurs, there is an unbounded edge of the Voronoi 
diagram of order < k. This means that the maximum num- 
ber of unbounded edges of all diagrams of order < k is equal 
to the maximum number of switches among the first k + 1 
elements in the ordering. 

Permutations sequences and estimates for the maximum num- 
ber of switches among the first k elements have been used 
in [5] to bound the number of fc-sets of n points in the plane. 
These sequences resulted from projecting n points in general 
position onto a rotating line. Hence, they were of length 
2JV, where iV = (™), and they had the following properties. 
Adjacent permutations differ by a transposition of adjacent 
elements, and any two permutations a distance N apart are 
inverse to each other. It has been shown in [15] that not 
every permutation of this type can be realized by a point 
set. 

In the following lemma we introduce a larger class of per- 
mutation sequences that fits the AVD framework. 



LEMMA 8. Let P(S) be a cyclic sequence of permutations 
Po, ■ • • , Pn = Pa such that 



(i) Pi+i differs from Pi by an adjacent switch; 

(ii) each pair of sites p,q £ S switches exactly two times 
inP(S). 



In contradistinction to the result in [15], each such permu- 
tation sequence can be realized by an AVD. The following 
Lemma 9 will be used for proving that the upper bound 
shown in Lemma 10 is tight, which in turn implies Theo- 
rem 2, an upper 2k(n — k) bound to the number of faces of 
an order- k AVD. 



LEMMA 9. Let P(S) be a sequence of permutations as in 
Lemma 8. Then there exists an abstract Voronoi diagram 
where the ordering of the sites along T changes according to 
P(S). 

PROOF. First we show that for |5| = 3 each P(S) fulfill- 
ing the above properties can be realized by an AVD. Then 
we assume \S\ > 3 and consider V(S) such that each triple 
p, q, r of sites change their ordering on T according to P(S). 
This is possible because if the curve system of each triple 
of sites is admissible then the curve system of S is admis- 
sible, too; see [18]. Now if there are two bisectors J(p,q) 
and J(r, t) having a different order on T than p, q, r, t have 
in P(S), then p,q,r,t are pairwise different, and neither of 
the bisectors J(p,r), J(p,t), J(q,r) or J(q,t) can occur be- 
tween the two bisectors J(p,q) and J(r,t) on T. Otherwise, 
suppose w. 1. o. g. that J(p, r) occurs between J(p, q) and 
J{r,t)\ then {p,q,r} would not have the same ordering on 
r as in P(S), a contradiction to our assumption. Thus the 
ordering of J(p, q) and J(r, t) on T can be changed without 
changing the structure of V(S). 
Now let S — {p,q,r}. Then there are three different cases: 



Then the number of switches occuring in P(S) among the 
first k + 1 sites is upper bounded by k(2n — k — 1). Further- 
more, this bound is tight. 



PROOF. Call a switch good if it involves at least one of the 
k first sites of a permutation; otherwise call it bad. Consider 
the permutation Pq — (pi,p2, . . .,p n ). For i € {fc+2, . . . ,n}, 
define B. L as the set of bad switches where p t is switching 
with a site in {p\, . . . ,pi-i}. We remark that the sets Bi, for 
i € {k + 2, . . . ,n}, are pairwise disjoint. If pi is not involved 
in a good switch, then all its 2i — 2 switches with sites in 
{pi, . . . ,pi-i} are bad. Otherwise, for p L to be involved in a 
good switch, it must first be involved in at least i — k—1 bad 
switches with sites in {pi, . . . ,p,_i}, in order to reach the 
first k + 1 positions of a permutation, and since Po = Pjv , it 
has to be involved in as many bad switches in order to return 
to its original place in Pn- In both cases, \Bi\ > 2(i — k— 1). 
Because of (ii), the total number of switches is N — 2(™J. 
Therefore the number of good switches is at most 



n / \ n-k-l 

: 'I 2 J- £ |B.|<2 2 "2 J2 3 = k(2n-k-l), 

where j — i — k — 1. 

To show that the bound is tight, let Po = (pi, ■ ■ ■ ,p n )- We 
will switch each pi with all pj having a place before pi in 
Po in consecutive order until pi is the first element and then 
in inverse order back. Start with i — 2 and continue until 
i — n. Then the number of switches among the first k + 1 



sites is exactly 2(") — 2J^' 



□ 



(1) Each site switches into the first position exactly once. 

(2) One site switches into the first position exactly twice; 
it cannot do so more often because then it would have 
to switch with one of the other sites more often than 
twice. Further it implies that all other sites must 
switch themselves into first position exactly once. 

(3) One site never moves to first position. This implies 
that both the other sites switch to first position ex- 
actly once; otherwise, either one site would remain in 
first position during the whole permutation, but then 
it would never switch with any other site, or the two 
other sites would have to switch more than twice. 



Let Po = (p,q,r). Then there are two possibilities for Pi in 
case (1): Either Pi = (q,p,r), which leads to the sequence 
Po = (p, q, r) 
Pi = (q,p,r) 

P-2 ~ (q,r,p), otherwise r never switches into first position 
or p switches into first position twice 

P3 = (r,q,p), otherwise r never switches into first position 
Pi = (r,p,q), otherwise q switches into first position a sec- 
ond time 

P5 = (p, r, q), otherwise p and q switch more than twice 
Pe — (p,q,r), otherwise Po 7^ Pe; 

or Pi = (p, r, q) , which leads to the same permutation se- 
quence in inverse order. 



Assume that p is the site that switches into first position 
twice in case (2). Then we get the following permutation 





q'r p 



(1) 



p [ r 




(3) 



Figure 5: Illustrations of cases (1) to (3) in the proof 
of Lemma 9. 



sequence: 

P - (p, q, r) 

Pi — (q,p,r), then 

Pi = (p, g, r), otherwise P^ — (q,r,p) which leads to the 

permutation sequence as in case (1) 

P3 = (p, r, q), otherwise p and q switch more than twice 

Pi — (r,p,q), otherwise r never switches into first position 

Ps — (p, r, q), otherwise p and q switch more than twice 

P 6 - (p,q,r), otherwise P ^ P 6 ; 

or in inverse order. 

Assume that r is the site that never switches into first po- 
sition in case (3). Then we get the following permutation 
sequence: 
P - (p, q, r) 
Pi — (q,p,r), then 

Pi = {q,r,p), otherwise p switches into first position twice 
P'a — (q, p, "r) , otherwise r switches into first position 
Pi — (p, q, r), otherwise p and r switch more than twice 
Ps — (p, r, q), otherwise p and q switch more than twice 
P 6 — (p,q,r), otherwise P 7^ P 6 ; 
or in inverse order. 

These permutation sequences can be realized by the AVDs 
depicted in Figure 5. □ 



Let Si be the number of unbounded edges in V^S). If an 
edge e has got two unbounded endpieces, i. e. the edge e 
bounding a p- and g-region is the whole bisector J(p, g), 
then e is counted twice as an unbounded edge. 



Lemma 10. Let k £ {1,. . . ,n— 1}. Then, 

k 

k(k + 1) < Y^ s * < k ( 2n -k-l). 

1=1 

Both bounds can be attained. 

PROOF. The second bound follows directly from Lemma 8. 
The first bound follows from the fact that the minimum 



number of switches among the first (k + 1) sites is greater or 
equal to the total number of switches minus the maximum 
number of switches among the last (n — k) sites, which again 
is equal to the maximum number of switches among the first 
(n — k) sites. Using Lemma 8 this implies 

k 

^Si > n(n-l)-{n-k-l)(2n-(n-k-l)-l) = k(k + l). 

1=1 

The tightness of the bounds follows from Lemma 9. □ 

4. BOUNDING THE NUMBER OF FACES 

OFv K (S) 

In the following we require a general position assumption 
which says that each Voronoi vertex is of degree 3. The 
following two lemmata give combinatorial proofs for facts 
that were previously shown by geometric arguments [21, 26]. 



Lemma 11. Let F be a face of VR k+1 (H,S). The por- 
tion of V (S) enclosed in F is exactly the farthest Voronoi 
diagram V*(H) intersected with F. 

PROOF. "^": Let x £ F and x e VR k (H',S). Since 
F C VR k+1 (H, S) it follows that x £ D(p, q) for all p e H 
and q e S\H, implying H' £ H. Let H \ H' = {r}, then 
x £ D(p, r) for all p £ H' and hence x £ VR*(r, H). 
"•*=": Let x £ F and x £ VR*(r,H). Then x £ D(p,q) for 
all p £ H and q £ S\H and x £ D(p, r) for all p £ H \ {r}. 
This implies x £ VR k (H \ {r}, S). □ 



LEMMA 12. Let F be a face of VR k (H,S), H «, \H\ = 
k > 2. Then V*(H) fl F is a nonempty tree. 

PROOF. First we show that V*(H) n F is not empty by 
assuming the opposite. Then there is a p £ H such that 
F C VR*(p,H). Let F' C VR k (H',S) be a face of V k (S) 
adjacent to F along an edge e. By Lemma 4, we have H = 
U U {q} and H' = U U {q'}, where q, q' are different and not 
contained in U. Also, e C J(q,q) holds. If p were in U, 
we would obtain F' C D(p, q) and F C V* (p, H) C D(q,p), 
hence e C J(p,q) — a contradiction to axiom (A2). Thus, 
p ^ U, which means p = q. Now Lemma 4 implies that each 
edge on the boundary of F has to be part of a curve J(p, qj) 
such that D(p, qj) lies on the F-side. Let q\, . . . , q t be the 
sites for which there is such an edge e on the boundary 
of F. Then VR 1 (p,{p,qi, . . . ,qi}) = F, because nearest 
Voronoi regions are connected thanks to axiom (A3). But 
from F C V(p,H) it follows that VR^p,^) C M 2 \ F 
and hence VR 1 ^, S)CFnl 2 \F = 8,a contradiction to 
axiom (A4). 

Next we show that V* (H) n F is a tree. Because of Lemma 6 
it is clear that it is a forest. So it remains to prove that it 
is connected. Otherwise, there would be a domain D £ F, 
bounded by two paths Pi, P 2 £ F of V*(H) and two discon- 
nected parts ei and e-2 on the boundary of F . There is an 
index p £ H such that D C VR*(p, H). Since V* (H) is a 
tree, by Lemma 6, the upper (or: the lower) two endpoints of 
Pi and Pi must be connected by a path P in V* (H) that be- 
longs to the boundary of VR*(p, H); see Figure 6. Here path 




PROOF. Let Vk, V k and V fe " be the number of Voronoi 
vertices, new Voronoi vertices and old Voronoi vertices in 
V k (S), respectively. Then because of Lemma 5 we have 
V* = V£ + VJl' = Vi + V£_ 1 . 
Claim 1: -Ffc+2 = Ek+i — 214'. 

Because of Lemma 5 every old vertex of V k+1 (S) lies in the 
interior of a face of V k+2 (S). Consider a face F % of V k+2 {S). 
Let rrii be the number of old vertices of V k+1 (S) enclosed 
in its interior. Then Fi encloses a — 2m, + 1 edges of 
V k+1 (S); see Lemma 13. If we sum up through all the faces 
in V k+2 (S), we obtain 



Figure 6: The intersection of an order-fc face F and 
the farthest Voronoi diagram of its denning sites 
must be a tree. 



P connects the endpoints of ei; both curves together encir- 
cle a domain D' , which is part of VR*(p, H). By definition 
of the farthest Voronoi diagram, there are qi, . . . ,qi, such 
that ei U P is part of J(p, qi), . . . , J(p, qi), and all D(p, qj) 
are situated outside of D ; compare Lemma 4. But then 
VR* (p, {p, qi, . . . , qt}) would be bounded, a contradiction to 
Lemma 6. □ 



LEMMA 13. Let F be a face of VR k+1 (H,S) and m the 
number of Voronoi vertices ofV (S) enclosed in its interior. 
Then F encloses e — 1m + 1 Voronoi edges of V (S). 

PROOF. Lemmata 11 and 12, together with the general 
position assumption. □ 



The next two lemmata are from [26] . We are including them 
because [26] has not yet appeared. 



y^ ei = 2 ^^ m i + Fk 



I 2- 



Note that E 3 =t 2 mi = V k " +1 = VI and X",*} 2 ^ = E h+1 , 

hence F k+2 = E k+1 - 2V k . 

Claim 2: The number of faces in V 1 (S) is i*\ = n and the 

number of faces in V 2 (S) is F2 — 3(n — 1) — Si . 

The first part follows from axioms (A3) and (A4). To prove 

the second part, consider a face of V 2 (S). There are no old 

vertices in V 1 (S), therefore the face encloses exactly one 

edge of V 1 (S) and hence F2 = E\. Equation (1) implies 

F 2 =3{n- 1)-Si. 

Now we sum up Fk+2 and Fk+3 to obtain Fk+3 — Ek+2 + 

Ek+i — Fk+2 — 2V k+1 — 2V k — Ek+2+Ek+i — F k+2 — 2V k+ i; see 

Claim 1. Substituting (1) and (2) into it results in F k +3 = 

2F k+2 — F k+ i — 2 — S k+ 2 + Sk+i- Using the iterative formula, 

the base cases F\ = n and F2 — 3(n — 1) — Si, we derive the 

lemma by strong induction. □ 

THEOREM 2. The number of faces F k in an AVD of order 
k is bounded by bounds 

n-k + l<F k < 2k(n -k) + k + l-n£ 0(k(n - k)). 

Both bounds can be attained. 



LEMMA 14. Let F k , E k , V k and S k denote, respectively, 
the number of faces, edges, vertices, and unbounded edges in 
V k {S). Then, 



E k — 3(F k — I) — S k 
Vk =2(Fk-l)-S k . 



(1) 
(2) 



PROOF. Consider V k (S) U T, cut off all edges outside of 
r, and let G be the resulting graph. Then G is a connected 
planar graph and for its number of faces, /, of vertices, v, 
and edges, e, we have / = F k + 1, v — Vk + Sk , e = E k + Sk ■ 
Because of the general position assumption each vertex is of 
degree 3 and hence 2e = 3v. Now the Euler formula 

v — e + f — c+1 

implies the lemma. □ 



PROOF. Lemma 10 implies tight bounds 

k 1 

k(k -1) <J2 Si -( k ~ 1 )( 2n ~ fc )- 

1=1 

Together with lemma 15 this proves the theorem. D 

5. CONCLUDING REMARKS 

Concerning the structural properties of higher order abstract 
Voronoi diagrams, it would be very useful to get rid of the 
non-degeneracy assumptions (vertex degree 3, transversal 
crossings). Also, it would be interesting to see what happens 
when Voronoi regions in the nearest Voronoi diagram are al- 
lowed to be empty, that is, if axiom (A4) is not required. 
The biggest challenge is, probably, to design an efficient al- 
gorithm for constructing an order-fc AVD. Even for points 
in the Euclidean metric, no optimal algorithm is known for 
computing a single higher order Voronoi diagram. 



Lemma 15. The number of faces in an AVD of order k is 



F k = 2kn - k 2 - n + 1 - ^ Si. 
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